DIFFUSION PROCESSES ON AN INTERVAL 
UNDER LINEAR MOMENT CONDITIONS 



DELIO MUGNOLO AND SERGE NICAISE 



Abstract. We discuss a class of diffusion- type partial differential equations on a bounded interval and 
discuss the possibility of replacing the boundary conditions by certain linear conditions on the moments 
of order (the total mass) and of another arbitrarily chosen order n. Each choice of n induces the 
addition of a certain potential in the equation, the case of zero potential arising exactly in the special 
case of n = 1 corresponding to a condition on the barycenter. In the linear case we exploit smoothing 
properties and perturbation theory of analytic semigroups to obtain well-posedness for the classical 
heat equation (with said conditions on the moments). Long time behavior is studied for both the linear 
heat equation with potential and certain nonlinear equations of porous medium or fast diffusion type. 
In particular, wc prove polynomial decay in the porous medium range and exponential decay in the 
fast diffusion range, respectively. 



1. Introduction 

In |Vaz83| J.L. Vazquez made the simple observation that possibly diffusion-type equations of the 
form 

(1.1) ^{t,x)^A{\ur^u)(t,x), 

which are well-known to be associated with a well-posed Cauchy problem in H~^{R'^) if d = 1 (and even 
for d > 1), enjoy conservation of mass and barycenter. Here and in the following, p is some constant 
strictly larger than 1: This result applies therefore to both the porous medium equation (PME) and 
the fast diffusion equation (FDE) along with the linear heat equation, corresponding to the cases of 
p G (2, cxd), p £ (1, 2) and p = 2, respectively. 

Vazquez' assertion is easily explained: For a density distribution function / : IR — s> IR denote by fJ-nif) 
the n-th moment (say, about 1), i. e., 



M„(/) / (1 - xrf{x) dx for / 6 ^^(R). 



Then in particular fJ-o{f) and fJ-i{,f) represent the total mass and the barycenter of the distribution 
described by /, respectively. Now, differentiating with respect to time the moments of order and 1 
of a solution u of (|l.ip with initial data uq and integrating by parts with respect to space a simple 
localization argument shows that 

fio{u{t)) = fioiuo) and fii{u{t)) ^ fii{ua) Vt > 0. 

Choosing boundary conditions judiciously, one can see that conservation of mass and/or barycenter 
may also hold in the case of a PME or a FDE on a bounded interval. Observe that conservation of 
mass and barycenter can also be defined for solutions so irregular that boundary conditions do not make 
sense - this is particularly relevant in the case of the PME and the FDE, which are typically solved 
in spaces of distributions ( jVazOTl Chapt. 10]). May then the condition that mass and barycenter be 
conserved replace boundary conditions altogether? 
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Imposing conditions on the moments may appear bizarre. However, since certain moment conditions 
boil down to boundary conditions if solutions arc regular enough ( |MN111 Cor. 4.10]), at a second glance 
it looks reasonable to investigate well-posedness under such conditions in the case of a bounded domain. 
Beginning with |Can63j . many authors have studied linear partial differential equations equipped with 
conditions on the moments complementing those on the boundary values. In |MN11| the present authors 
have gone on to observe that, in fact, in the case of the linear heat equation one can drop the boundary 
conditions and obtain well-posedness under a wide class of linear conditions on the moments of order 
and 1 - and in particular, whenever both of them are assumed to vanish constantly, i.e., 

(1.2) /i„(u(t))=0 Vt>0, n = 0,l. 

This special case had already been discussed by A. Bouziani and his coauthors starting with |BB96j . 
see jMNll] for more detailed references. A somehow comparable approach has been followed in |Vaz07| 
§ 9.6], where an analysis based on mere finiteness of mass is performed. 

There exist counterexamples showing that, in general, moments of higher order are not conserved 
under the evolution of (|1.1|) on R, cf. |Vaz071 § 9.6.4]. Hence it is not natural to expect well-posedness 
upon imposing a condition analogous to (|1.2[) for any two moments. Our aim in this article is to show 
that, however, suitable conditions on fiQ and a further moment fi„ suffice to obtain well-posedness of 
certain modified evolution equations - which can be looked at as PMEs or FDEs with a potential 
depending on n. 

It turns out that the analysis of diffusion equations on an interval under conditions on and fin for 
general n can be performed closely following some techniques developed in |MN11| . The extension of 
such techniques to the more general setting of the present article is discussed thoroughly in Section [2] 
As it is, the well-posedness results presented in |MN11| are just a special case of those that we obtain 
in Section 131 

However, serious problems seem to arise in the truly nonlinear case, i.e., whenever we discuss (jl.l[) for 
p 2 - this is the topic of Section ID Both the PME and the FDE with Dirichlet boundary conditions 
are well-known to be the flow of the gradient associated with a suitable energy functional (also known as 
the functional's subdifferential in the language of nonlinear semigroup theory, see e.g. |Sho97| Example 
IV. 6. B] and |Vaz07[ Chapt. 10], and more generally |Bre73j for the abstract theory) with respect to 
an i?~^-inner product. (Observe that a different, more involved but also mightier approach based on 
flows on Riemannian manifolds has been introduced by F. Otto in a celebrated article |Ott01j ). In our 
setting the gradient flow structure is still present, but unlike in the linear case we are not able to show 
that for initial data smooth enough this evolution equation is just the PME or the FDE with a certain 
potential. Nevertheless, we obtain well-posedness of a certain n-dependcnt nonlinear evolution equation 
that strongly resembles the PME or the FDE, and we are able to show that its long-time behavior 
depends on p. In particular, we show that for all n the decay of the _ff~^-norm of the solutions is 
polynomial if p g (2, oo) and exponential if p G (1, 2]. Our analysis is made different from the classical 
case by the fact that for this new evolution equation integration by parts is not easily applied - this in 
turn prevents us from applying the classical method based on the weak formulation of the PME or the 
FDE, which are the backbone of many proofs in |Vaz07| . 

2. The functional analytical setting 

If we consider (0, 1) as the torus T, then the test function set X'(T) is in fact the set of smooth 
functions in [0,1] such that the derivatives at all orders coincide at and 1. In the same manner we 
will use the Sobolev space H^{T), by which we denote the subspace of those u G -ff^(0,l) such that 
u(0) = u(l) (i.e., of those iJ^-functions supported on the torus). We use L^{0,1) as pivot space and 
denote by H-^{T) (resp., V'{T)) the dual of H'^{T) (resp., V{T)). For p e (l,oo), p ^ 2, we deflne 
the Sobolev spaces W^''p{T) and W~^'P{T) likewise. In this paper we refrain from considering the case 
of (jl.ip for p G (0, 1], which is known to require a quite different approach, cf. |Vaz06[ § 2.2.1]. 

Remark 2.1. It was already observed in jMNlll Lemma 2.1] that each element of V'iT) can be 
identified with an element of 2?' (0,1), but the identified vector is not unique. We denote this non- 
injective identification operator by Id, and by Id™ its restriction to {u 6 H^^iT) : fio{u) = 0} which, 
by |MN11| Lemma 2.4], is an isomorphism. 
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For all ri £ No wc denote by the linear functional defined by 

fiM) ■■= I {i~xrf{x)dx, 

Jo 

which is bounded on 1/^(0, 1) (and even on H~^{T) for n — 0). 

For n G No and G V{T) we denote by J„ip the function defined by 

Jnfix) := I ip{y) dy - iio{ip){l ~ xY\ xe(0,l), 

J X 

and set for all u e H^^{0, 1) 

(2.1) (P„M, ^) {u, J„^) V(p e V{T). 

which is meaningful since Jn^ ^ Hq{0, 1). 

We obtain the following analogue of [MNlll Lemma. 2.2], where the attention was devoted to Pi 
only. 

Lemma 2.2. Let p G [1, oo) and n G N. Then the following assertions hold. 
(1) For all u G ^'^(0, 1), P„u can be written as 

(2.2) PnU{x) = Xu{x) - lJLn{u), Vx G (0, 1), 

where 

r 

Iu{x) :~ I u{y)dy, \/x G (0,1). 



In particular, (P„u)' = u whenever u G i^(0, 1). 

(2) Moreover, P„ is a hounded linear operator from W~^'^{T) to Lp(0, 1) and from L^{0,1) to 
Wi^P(0, 1) as well as from {/ G LP(0, 1) : /^o(/) = 0} to W^^p{T). 

(3) Finally, (Pnu)' ^ u in H'^iO, 1) for all u G H^^{0, 1). 

Proof. Let u G i^(0,l) be fixed. Denote for a moment P„u the right-hand side of (|2.2p (which is by 
construction an element of W^'P{0, 1)), i.e., 

Pnu{x) :~ Iu{x) — /i„(w), X G (0, 1). 

By integrations by parts for all ip G I'(r) one has 

PnU{x)tp{x) dx — {Iu{x) — fln{u))ip{x) dx 



u{y) dy I ip{x) dx - /i„(w)^o(v)- 
/o \Jo / 

Accordingly, for < ?/ < .t < 1 by Fubini's Theorem we find 

Pnu{x)(p{x) dx = J (^j ip{x) dx^ u{y) dy - fin{u)nQ{(p) 

1 

u{x)Jn(p{x) dx. 





This proves that Pnii = ^Ww, hence (1), and furthermore P„u G W^'P{0, 1). 

ck that for ip G ^{T), Jnf is : 

Ikn'/'llwjJ. 0(0,1) ^ II'/'IU«(0,1)- 



In a second step we first easily check that for ip G ^{T), JnP> is in W'^'''{T) with ^ + ^ = 1 (it is even 
in W^o'«(0, 1)) and that 



According to p.ip we then get 

\{PnU,Lp)\ < \\u\\w-i.P{T}\\Jn'p\\wi-''{0,l) - \Mw -^:P{T}\M L-^ {0.1) ■ 
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Therefore 

||^'nU||LP(0,l) ^ \Mw-^-P{T), Vu G 2?(T), 

which proves that P„ is a bounded operator from W~^'P{T) to LP{0, 1) due to the density of 'D{T) into 
W~^'P{T). As the boundedness of P„ from LP{0, 1) to VF^'^(0, 1) has been observed above, point (2) is 
proved. 

FinaUy, the assertion (3) follows the definition of P„ and the fact that Jn{f') = for all ip G 
iJi(0,l). □ 

In particular, 



11 + 1 

Observe that, unlike for ?i = 1, for n>2 one has in general 
(2.3) P„ ^ /:({/ e H-\T) : /io(/) = 0}, {/ G (0, 1) : ^i^{f ) = 0} 

since 1) 7^ 0. 

Remark 2.3. RecaU that by |MN1H Lemma 2.3] 



{Piu\Piv) + ti^{u)ii^{v), u,ve H~\T), 
defines an equivalent inner product on H^^{T), and in particular 
(2.4) WU-Mh-ht) ^ ||PiId-iw|U2(o,i), Vu e H-\T). 

In fact, we can say more. Taking into account Remark 12.41 (1) and reasoning just like in the proof 
of |MN111 Lemma 2.3] one can easily see that 

\\u\\„-iiT) < WPnuh^ + \fio{u)\, yu e H-\T). 
Accordingly, we can even say that 



(P„ii|P„w) + Mo(w)mo(w), u,veH ^(T), 
defines an equivalent inner product on H^^iT) for all n G N. 

Remark 2.4. Let n G N. 

(1) Observe that for all n G N 

M"(/) =n I [I- .t)"-i / f{z)dzdx = 7i/i„_i(I/) V/ G L\Q, 1). 







(2) Let / G i^(0, 1). Then by Lemma [2^ (1) and integrating by parts 

Mn-l(P„/) = y (1 - xT-^If{x) dx - M„(./-) / (1 - xY-^dx 

f{x)dx 



(3) Observe also that 



=0 "'O 



--M«(/) + -Mn(/)=0. 

n n 



P,A =0 in P'(T), 

since for ah G V{T) {PnhA) = (<5i, J„0) = J„0(1) = 0. 
(4) It is also important for the following that 

(2.5) P„/i(0) = -Ai«(M and P„;i(l) = mo(/i) - Mn(/i) 'ih L\Q,1) 
as well as 

(2.6) fio{Pn{h))^ [ Pnh{x) dx ^ fii{h) - fi^{h) yheL\0,l): 



both identities are direct consequences of p.2p . 
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(5) It is a straightforward observation that jMNlll Rem. 2.6] ean be gcnerahzcd as follows: For all 
p e [1, oo), aU / e W^'P{0, 1) and aU € LP(0, 1), we have 

(2.7) Id,-i(/" + V.) = r + V + (/io(/" + V^))<5i inW-''P{T), 
and in partieular by (3) 

P„(Id„i(/" + V^)) = PM" + ^) in ^"(0, 1). 

(6) Finally, observe that by LemmaOand ([231) Pn is bounded from {/ G LP{0, 1) : ^o(.f) = 0} to 
lyi'P(r) and from {/ G LP(0, 1) : Mf) - - 0} to ^'''(0, 1). 

The crucial point for our investigation is that an integration-by-parts-type formula holds. Recall that 
we are denoting by Id„i the isomorphism between {u G H^^{T) : /io(u) = 0} and i7^^(0,l) and let 
u G iJ^O, !)• Then for aU u G H^{{), 1) and aU h G H^{T), by Remark [O one has 

(Id,-i(u")|/i)^_,(^) - {P.M;^\u")\P,^)l. 

= (u - a\Pnh)L2, 

where 

(2.8) a:={u' -P„iu"),l)- 
Hence, (|2.6p and a standard integration by parts yield 



(ldj{u")\h)^_,, = {u'\P„h)L2 - a{^J.l{h) ~ finih)) 



(2.9) = ~iu\h)L2 + [uPnh]l,-aiMh)~Mh)) 

since by Lemma [221 (3) [Pnh)' ~ h. 
Remark 2.5. Note that 

a = m(1) - u(0) - (u", (1 - id) - (1 - id)") 

because 

(P„(«"),l) = («",J„1) 

- this is the duality between H~^(Q, 1) and Hq{0, 1). with the function J„l G -ffo(0' 1) given by 

(J„l)(a;) = (l-x)-(l-a;)" V2;G(0,1). 

For n = 1, J„l = and we get (P„(u"), 1) = 0, but in any case, this is docs not really matter since a is 
muhiplied by in (^3)) . 

Indeed, we can still improve the formula in (|2.9p for n > 2. 

Theorem 2.6. Let u G ^^(0, 1) and h G L2(0, 1). Then 

// u{l) \ /i^oih)' 

{ldj{u")\h)^_^ = -~{u\h)L2 + nu{0) - n(n - l)fin-2{u) 

\ \(1 - n)u{0) - u{l) + n{n - l)fin~2{u)^ 

Proof. The case n = 1 has already been discussed. For n > 2, our starting point is again p.9p . From 
the property J„l G Hq(0, 1) and an integration by parts, wc can write 

(P„(h"),1) = -{u'AJnlY) 
1 

u'{x){l-n{l~x)''-^)dx 

= u{l) - u{Q) - n{n - 1) [ u{x){l - x)""-^) dx ~ n[u{x){l - x)''-'^]l 

Jo 

= m(1) — u(0) — n{n — l)yU„_2(u) + nu{0). 
Hence we deduce that for n > 2, the constant in ()2.8|) is given by 

a = n{n — l)^„_2(u) — nu(0). 
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Now, applying (|2.5p wc find 



[uPnh]l = u{l)Pnh{l)-u{0)Pnh{0) 



u{l){fioih) - tJ.n{h)) + u(0)/i„(/i) 



= u{l)^iQ{h) + {u{0)-u{l))^inih). 
Applying the previous identities to (|2.9p we obtain 

{id;^\u")\h) ^_ = -{u\h)L-2 + + (w(0) - 



(n{n - l)^„_2(w) - ?iu(0))(^i(/i) - t-in{h)), 



and the claimed formula follows. 



□ 



If n = 1, this is the formula already obtained in jMNlli Lemma 2.13]. Otherwise, we have obtained 
a more general identity that allows us to extend the study of diffusion processes under linear conditions 
on yUo and /.ii (as e.g. in |BB961 iMNllj ) to linear conditions on /io and /i„ for general n G N. 

For each subspace Y of and each p > 1 we can consider the reflexive Banach space 



V^^l:=\feLP{0,l): 



e Y 



Lemma 2.7. Let k G N. Then for all m G N'' with pairwise distinct entries, the operator 

( MmA 

: : C°°[0,1] -> C'^ 

is surjective. 

Proof. We are going to prove more, namely that the vector valued mapping 

Mo 



is surjective from the space P„ij.(0,l) of all polynomials of degree at most nik to C™+^. For jti G N 
fixed, it is well known that there exists a (m + 1) x (m + 1) invertible matrix Mm such that 



/ 






/Qo\ 


(1 


-id) 




Qi 






V(i- 


- id)"") 




\Qrn) 



where Qk is the Legendre-type polynomial of degree k defined on (0, 1) through the standard Lcgendre 
polynomial P^ of degree k defined on (—1,1) by 

Qfc(x) =Pfe(2x-l), Va;G(0,l). 

Setting 

fikih):^ [ h{x)Qk{x)dx, heL\0,l), 
Jo 

we deduce that 
(2.10) 

As the Lcgendre polynomials are pairwise orthogonal, the mapping 

:P™(0,1)^C™+^ 





= Mm 
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is trivially surjcctivc. By (|2.10p and the invcrtibility of M^, wc conclude that 

:P,„(0,l)^C™+i 

is also surjeetive. □ 
We denote by Hy the Hilbert space 

_ ( {fGH-\T):fio{f) = 0}, ify = {0}2orr = {0}xC, 

(2.LL) Hy - I H-^{T), otherwise. 

It has been shown in |MNllj that an equivalent inner product is given in either case by 



(2.12) {f\9)H^-= Plfix)P,g{x)dx + ^loif)M9) 

Lemma 2.8. The space is dense in Hy for each Y subspace of £? . 



Proof. By construction, Vyp C Hy and hence the inclusion Vyp C Hy is clear. 

The proof of the converse inclusion is divided in several steps, but follows closely [MNlll Cor. 2.4 
and Thm. 4.2]. We first prove the assertion for Y ~ {0}^. 
(1) To begin with, observe that it follows from (|2.12p that 

(2.13) [f\g)H^^^^,= I Pif{x)P^dx, V/,geiI{oF. 



and 

(2.14) \\u\\h-ht) ^ \\Piu\\l- yueH[o}2. 



To prove the claimed inclusion, we show that each / £ H^^y that is orthogonal to V|qj2 p for the inner 
product (•|-)-ff^oj2 is identically zero. In fact, let / e -^{o}^ be orthogonal to V^Q^p p- Then it satisfies 

^(1) 
{0F,p- 



{Pif\Pi9)L- =0, Vg G 



But according to its definition (|2.ip wc get equivalcntly 



(2.15) (/,JiPig) = 0, Vgel//,^> 



Now define 

(2.16) W -.^{ue H\T) n W^'^iO, 1) : u'(0) = u'{l) = 0}. 

This space is dense in H^{T) since for u G H^{T), u-u{0) belongs to Hq{0, 1). Hence for all u G H^{T) 
there exists a sequence of G I?(0, 1) such that 

^n^u-u{Q) iniji(0,l), 

and therefore fn + u(0) G W with 

(/7„ + u(0)^u in i7i(T). 
Now for /i G W , we take g ;= —h" G ^{o\^2 p- By construction 

JiPig{x) = h{x) - /i(l), Va; G (0, 1). 
Plugging this identity in ()2.15p yields 

(2.17) (/,/i-/i(l)) =0, \/heW. 
But due to the fact that /io(/) = 0, we deduce that 

{f,h) = o, yhew. 

As W is dense in H^{T), we conclude that / = 0. 
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liY = {0} X C, wc sec that 



and the assertion follows. 

(2) We consider the remaining cases. More precisely, it suffices to study the case of 1-dimensional Y 
with Y ^ {0} X C, because once proved this for Y = £?■ and any 1-dimensional subspace Yq we have 



Hy = V^2v C = LP{0, 1) = Hy. 

Hence, assume that there exists a G IR such that Y is the set of all (^o, zi) G satisfying 

(2.18) zi = azo. 
Let / e H-'^{T) be such that 

(2.19) (Mh^^O, Vge^;^ 
Since Vj^o}\p ^ ^Y\l' 

{f\9)H-HT) - 0, V<7 e v/op,p' 
and reasoning as in (1) we deduce that p.l7p holds for the space W defined in (|2.16p . Since W is dense 
in H^{T), this is equivalent to 

{f,h-h{l))=0, ^heH\T), 

or again 

(2.20) / = Mo(/)'5i inif-i(r). 
Coming back to (|2.19l) and taking into account Remark 12.31 we get 

(2.21) = ^loif) ((Pi(5i|Pig)L2 + MSi)!^) = Mo(/)M5), Vg e V^'j. 
Now, by Lemma [2.71 there exists g £ LP(0, 1) such that 



where a is as in (|2.18p . Hence, we can plug such a g G Vy^^ in (|2.2ip and wc find A*o(/) — 0, hence, 
by (11201), ./ = 0. This concludes the proof. ' □ 

Lemma 2.9. Let n E hi. Then the vector space 

(2.22) V};^,^^ := {u e LP (0, 1) : ^Io{u) = A*„(w) = 0}, 

and hence also 

^{o}xc,p ■■= e ^"(0' 1) ■■ f'oiu) = 0}, 

are dense in 

H:={,f £H-\T):y^^{f)=Q}. 

Proof. The proof is based on Lemma [2.81 i.e., on the validity of the same assertion in the special case 
of ri = 1. Let w £ H: we arc looking for a sequence {'Wk)kehi C Ker/x„ here and below in the proof, 
/i„ is seen as a mapping from H D LP{0, 1) into C) that approximates w in H~^{T). By Lemma 12. 8[ 
we already know that this is possible for n = 1: that is, there exists a sequence (ufc)fceiM C Kcifii that 
approximates w in H~^(T). Now, for n>2 observe that the binomial formula yields 

with p G H^(T), and accordingly 

= + {p,v)h^t),h-^t) Vw e L^(0, 1), 

and in particular 

= Aii(wfc) = Mn(wfc) - {P,Vk)m(T),H-^(T) Vfc e N. 

Thus, by continuity, 

lim /i„(vfc) = lim (p, Ufc) = =: c. 
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We distinguish the two cases c ~ and c 7^ 0. 

(1) If c = 0, it suffices to take 

(observe that UniP) — Jq |(1 ~ t)p"(ii ^ 0), so that Wk & Ker/i„ for aU fc e IM and moreover 

hm Wk ~ w. 

k^oo 

(2) If c 7^ 0, write w ~ wi + avQ, with vq G Ker/i„ such that /ii(fo) = (p,vo) 7^ 0, i.e., ■^o € 
Ker fin \ Ker /ii . Now. set 

and observe that for wi := w — avQ one has {p,wi) = 0, hence wi G Ker/i„ owing to the first 
case. As vq G Ker /i„ we conchide that w € Ker /i„ as weU. 
This concludes the proof. □ 

Also the following holds. 

Lemma 2.10. Let n G N and Y be a subspace of £? with Y ^ {0}^ and Y ^ {0} x C. Then the vector 
space 



G Y 



^45 := [ueL^iQA) 
is dense in H^^iT). 

Proof. The proof closely follows that of |MNlli Thni. 4.2]. Like in that proof, we begin by observing 
that if F 7^ {0}^ and Y ^ {0} x C, then either F = or there exists a G C such that Y is the set of 
all {zq,zi) G satisfying 

(2.23) zi = azo. 

Let us first assume that Y ^ £? and let / G H^^{T) be such that 

(2.24) {f\g)H-HT)^0, VgG^lJ, 
and in particular 

(/l.9)ff-MT) = 0, V^GV/^jlp. 

Just like in the proof of Corollary 12.81 we deduce that (j2.17p holds for the space W defined in (|2.16p . 
Since W is dense in H^{T), this is equivalent to 

{f,h-h{l}) = 0, \fheH\T), 

or again 

(2.25) f = Mf)Si mH-\T). 
Plugging into (|2.24p we get 

(2.26) = Mo(/) + f^o{Si)M9)) = Mo(/)M5), V9 G VjlJ, 
because by Remark l2.4l (3) PiSi = 0. By Lemma [2T7l there exists g G ^^(0, 1) such that 

Vo(.9)\ _ fl 



P-nig)) \a 

where a is as in p.23p . Hence, we can plug such a p G in (|2.26p and we find A^o(/) = 0, hence, 
by ([2:251) . ./ = 0- This shows that l4^^ is dense in H-^{T) ii Y ^ C^. For the case Y = C^, however, 
by definition Vyp = LP{0, 1), and the claimed density is clear. □ 
Summing up, we have proved the following n-th-moment-analogue of Lemma 

orollary 2. 

subspace of C 



Corollary 2.11. Let n G N and Y be a subspace of C^. The space Vyp is dense in Hy for each Y 
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3. The linear case 
It is instructive to consider the linear case of p = 2 first. 
Lemma 3.1. Let n G N and Y be a subspace of £? . Then the sesquilinear form 

rl 

a{u,v) := / u{x)v{x) dx, w, w S ly'^^ 
Jo 

is densely defined, symmetric, continuous and coercive in Hy ■ 

Then, weU-posedness of first and second order abstract Cauchy problem associated with this form 
follow directly, by means of the general theory of quadratic forms. 

Corollary 3.2. Let rt e N and Y be a subspace of . Then the operator [Ay , D{Ay)) associated 
with (a, V^y"^') is positive definite on H. In particular, —Ay generates a cosine operator function with 
associated phase space x Hy and hence an exponentially stable, contractive, analytic semigroup 

(e^*"*^)t>o of angle ^ on Hy . This semigroup is immediately of trace class. 

3.1. The case of /io('") = 0. It remains to determine the operator associated with the form, and hence 
the Cauchy problems actually solved by the cosine operator functions and the operator semigroup. To 
begin with, we consider the case where we impose noiu) = 0, corresponding to setting Y ~ {0}^ or 
y = {0} X C. 

Theorem 3.3. Let n G N and define a bounded linear functional 7 : H^(0, 1) — > C by 

(n - l)(2n - l)/(0) -{n- lf{2n - l)^in-2if), tfn>2, 
ifn = l. 

If either Y ~ {0}^ orY ~ {0} x C, then the operator (Ay, D(Ay)) associated in Hy with the quadratic 
form a has domain given by 

D{Ay) = {ue H\0, 1) : fioiu) = tin{u) = 0} or 

D{Ay) = {ueH\0,l):fio{u) = 0,u{0)^u(l)} 

respectively, and its action is given in both cases by 

Ayu = Id,7/(-M" + 7(u)(l - id)"-2). 



(3.1) 7(/) 



We recall that Id^ is the isomorphism introduced in Remark |2. II The above theorem shows that in 
particular 

Ayu = -u" + 7(u)(l - id)"~^ in 2?'(0, 1). 

Proof. We only consider the case of n > 2, as the case of n = 1 has been proved in [MNIH Thm. 3.1 
and 3.3]. Denote 

IC:={uE H\0, 1) : nn{u) = fi^iu) = 0}. 
Let us first show the inclusion D{Ay) C K,. Let / G D{Ay). Then there exists g G H^^{T) for which 
Mo (5) = (i.e., g G Hy) and such that 

{f\h)L- = a{f, h) L {g\h)H^,^, - ^ {Png){x){Pnh){x)dx V/i G 145, 

by virtue of Remark!^ Now for g G H^^{T) it follows from Lemma[221(l) that P„5 G £^(0, 1), hence 
{Pn{Png)y = Png- Integrating by parts we obtain that in particular for all h G V^o}^ 2 



{P,,g){x){Pr,h){x) dx = I {Pn{Png))'{x){Pnh){x)dx 

• 1 

{Pn{Png)){x){P^hy{x)dx 



= - / {PniPng)){x)hix)dx. 
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This shows that 

if\h)L2 = -{P,,{Pn9)\h)L2 Vh e y/^jl 2 

because of (|2.5p . Let us now denote by 11 the orthogonal projection of L^{0, 1) onto the closed subspace 
of polynomials of one variable spanned by 1 and (1 — id)". Then we have 

/ = -(/- n)p„(p„g) + n/ = -PniPng) + n(F„(p„5) + /). 

Accordingly, in either case / G H^{0, 1) in view of Lenima [2?2] f2). Moreover, 

/" = -g + (nP„(P„.g))" in P'(0, 1). 

As 

n (PniPng) + f) [X] = a + - xT, 

for some a, (3 e R, we have found that 

/" ^-g + n(n - l);3a;""^ in P'(0, 1). 
By |MN11I Lemma 2.4] this yields that 

Ayf = Id,-^(-/" + n{n - 1)/3(1 - x)"-^). 
Clearly /3 depends on / and its dependence will be given below. 

Let us finally check that the additional conditions in the definition of D{Ay) hold. For all /i G 



(n) 
Y,p 



if\h)i 



= aif,h) 

= {AYf\h)H,- 

= {ld-,\-r+^im-^dr-')\ h)^_. 



(T) 



i(T) 



where 



1 



-k{x) := f{x) - -^—^^^{f){l - xT)), X G (0, 1), 

for some 7(/) G C to be determined below. Hence in view of Theorem l2.61 and since /io(^) = 0, we find 
that 

{f\h)L2 = (ld~^(fc")|/i)^_i(y) 

nfc(O) - n{n - l)^„_2(fc) 



-{k\h), 



(1 - n)fc(O) - fc(l) + n{n - l)fin-2{k) I \^in(h) 



Observe that 



-{k\h)L2 = {f\h)L2 ~ -T7(/)Mn(/i) 

n[n — 1) 



and furthermore due to Lemma 12.71 
(3.2) 

in case Y = {0}^ (and hence /i,i(/i) = 0); or else 



= -/c(0) + (n-l)/i„_2(fc) 



(3.3) 



nfc(O) = n(n - l)/i„_2(fc) 
Ti^lif) = {l-n)k{0)~kil)+n{n-l)^in-2{k) 



if Y = {0} X C. 

Hence, (13.21) can be re- written as 



■^('^) - -T-^^^f') - - l)-"n-2(/) + -7(/)M«-2((l - ^dr) = 



or rather 

Finally, we find 
(3.4) 



/(0)-(n-l)M„-2(/) 



r7(/) 



1 



/(0)-(n-l)Ai„-2(/) 



n[n — 1) n{2n — 1) 

1 



7(/)=0. 



(n - l)(2n- 1) 



7(/) = 0. 
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If y = {0} X C, can be re-written as 

= -fc(0) + (?i-l)Ai„-2(fc) 



n(n -1)7(/) = (1 - n)fc(O) - fc(l) +7iA:(0), 
i.e., p.4p is satisfied and moreover 

^.(/) I m - Ml) = -./(o) + ^7(/) + /(I). 

Summing up, we see that necessarily 

7(/) = (n - I)(2,^ - l)/(0) - (n - l)\2n - I)m„-2(/) if 1^ = {0}^ 

or else 

7(/) = (ji-I)(2n-l)/(0)-(n-l)2(2n-lK-2(/) if y - /nl x T 

./(O) = /(I) 

The converse inclusion can be proven likewise, exploiting our integration-by parts-type formula as in 
the first part of the proof. □ 



Remark 3.4. Let us emphasize that taking into account |MN111 Thm. 3.1 and 3.3] and Theorem 
one sees that the domains of Ay coincide for all n G N, in the case oi Y ~ {0} x C. Comparing the 
special cases of ?i = 1 and n = 2 one sees that Ayu = ld^^{—u") for n = 1 whereas we have just proved 
that Ayu = Id^^(— m" + 3m(0)) if n = 2. In general, Id„^ (7(u)(l — id)"~^) can be regarded as some 
sort of potential. In the linear case, this potential can be easily dealt with and, if desired, switched off. 
We will see in Section U that things are different in the nonlinear case. 

Corollary 3.5. Let n G N and define the bounded linear functional 7 : i?^(0, 1) — > C as in (j3.ip . Let 

?7 € C. Then the operator given by 

u ^ Id„i(K") + ,7ld-^ (7(ii)(l - id)"-2) . 

either with domain 

{u e {0,1) : fio{u) ^ fin{u) = 0} or 
{u e H^{0, 1) : ^o(w) = 0, u(0) = 

generates on {/ £ H^^{T) : /io(/) — 0} an analytic, uniformly exponentially stable semigroup of angle 
^ that is immediately of trace class. 

Proof. The assertion follows directly from the observation that 

is a relatively compact perturbation of Ay, and from well known perturbation results, cf. |ABHN0"T1 
Thm. 3.7.25]. □ 

The following generalizes the well-posedness result jMNlll Thm. 3.7]. 

Theorem 3.6. Let n £ M and rj E C The heat-type equation 
Fin Pf^ii 

^{t,x) = ^{t,x)+vj{u){l~xr-^ t>0,xe{0,l), 

(where 7(u) is the same term defined in p.ll) ] with moment conditions 

Ho{u{t)) ^ Hn{u{t)) = 0, t>0, 

or 

Ho{u{t)) ^0, u(t,0) = u{t,l), t>0, 

and initial condition 

u{0, ■) = wo e {/ e H-\T) : tioif) - 0} 

is well-posed. 
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We remark explicitly that letting = we recover well-posedness of the standard heat equation with 
the above conditions on the moments. 

In the proof of this theorem wc will need the following two results. 

Lemma 3.7. Let p e (1, oo). // / G W'^'P{id, I), then 

P„(Id-i(/" + 7(/)(l - xT~^)) = PM" + 7(/)(l - xT-') m i2(o, 1). 

Proof. The claim follows from |MN11[ Rem. 2.6] and Remark [131(3). □ 

Lemma 3.8. Let n > 2. Then the following assertions hold. 

(1) IfY = {0}2, then one has 
(3.5) 

DiAl^) ^{ue H^{0, 1) : Mu) = Mo(«" - 7H(1 - id)""') = t^n{u) = ^wAu" - 7(«)(1 - id)""') = 0}. 

(2) IfY = {0}xC, then one has 
(3.6) 

D{A^) = {ue H\0, 1) : ^o(") = t^o{n" - 7(")(1 - id)""') = 0, u{0) = u{l), u"{0) - ^{u) = ^."(1)}. 
In either case, 

Ayu = -u" + 7(it)(l - id)"-2^ Vm e DiAl-). 

Proof. In either cases, the inclusion "d" holds because for u in the right-hand side of (|3.5p . —u" + 
7(w)(l — id)"~^ clearly belongs to D{Ay) and Ayu = —u" + 7(m)(1 — id)"~^, which also belongs to 
D{Ay). 

We only prove that "C" holds in (1), the corresponding proof in (2) being analogous. Let us take 
u G D{Al.). Then u G H'^{0, 1) and 

Ayu = Id„i {-u" + j{u){l - id)"-^) ^ ^i^g^ i). 

We first prove that u" G H^{0,1), which clearly implies that u G H'^{0,1). Now, set for shortness 
/ := —u" + 7(u)(l — id)"^^ that clearly belongs to H^^{0, 1) and consequently 

(/:^^:)_f/-i(o,i)-ifi(o^i) " (Id™V,^')H-Hi(T) = {AYU,v)H-miT) Vv G P(0,1). 
Now, because by assumption Ayu G H^{0, 1) we deduce that in fact 

{fiV,)H-^QS)~Hl,{0,l) = {Ayu\v)l2, 

hence u" = —Ayu + 7(u)(l — id)"^^ G H^{Q, 1) and we conclude that u G -ff^(0, 1), as we wanted to 
prove. 

But now as / belongs to i?^(0, 1), by jMNlli Lemma 2.4] 

Id,nV = / - Mo(/)'5i. 

Because both / and Id„^/ and hence also i^o{f )Si belong to iJ^(0, 1), we have that necessarily /io(/) — 
and therefore by Theorem 13.31 and Lemma 13.71 

Ayu = -u" + 7(?i)(l - id)"-2. 

Accordingly, because u G D{Ay) and hence ^n{Ayu) — 0, it follows that fin{u" ~ j{u){l — id)"^^) = 0. 
This completes the proof. □ 



Proof of Theorem \3.6[ We have seen that —Ay generates an analytic semigroup, hence well-posedness 
of the corresponding parabolic problem follows. By standard analytic semigroup theory each initial 
data in Hy is immediately mapped by the semigroup into D{Ay)- Hence, by Lemma 13.71 the claim will 
follow if we show that D{Ay) C -ff^(0, 1). But this is just one of the claims of Lemma [3.81 □ 

Remark 3.9. Throughout this section we could have considered some perturbations of the quadratic 
form a, as we have done in |MN11[ § 3 and § 4]. In particular, for any 2 x 2-matrix K the additional 
term 

'<-)-(-fer.oifcs))' 
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may be studied. For the sake of brevity, we avoid to discuss this issue thoroughly: It suffices to observe 
that for ah n G IM there exists C„ > such that 

(3.7) \y^n{9)? <CMlA\9\\h-^t), VgeL2(0,l): 

this can be shown following the proof of jMNlll Lemma 2.12] and taking into account Remark l2.4l ('l). 
Accordingly, the sesquilinear form a + 6 fits the framework of |Cro04] . hence (minus) the operator 
associated with this form in Hy generates a cosine operator function and an analytic semigroup of 
angle ^. 

3.2. The general case. Wc now complete our discussion of the linear heat equation by considering 
the remaining cases. 

Theorem 3.10. Let ?i G N and Y he a suhspace of , Y ^ {0}^ and Y ^ {0} x C. Then the operator 
(Ay , D(Ay)) associated in Hy with the quadratic form a is given by 



Ayu = Id,-/(-w" + 7(u)(l-id)"-2)_c(w)(5: 



where "f{u) is defined as in (|3.1|) and c(u) £ C is uniquely determined by the condition 



u(0) - u(l) 

Proof. Again, we only treat the case n > 2 and refer the reader to [MNlli Thm. 4.3] for the case n = 1. 
We denote 



...{„eH.(„a):(M:))er} 



and proceed in a way similar to that in the proof of Theorem 13.31 in order to determine Ay, which by 
definition is given by 

D{Ay) := {/ G V^";^ : 3g G H-\T) : a(/, h) = (g|/j)^-i(T) V/^ G F^J}, 
Ayf g. 

Let us first check the inclusion D{Ay) C /Ci. Let / G D{Ay). Then / G Vy"^ and there exists 
g G H~^{T) such that 

(3.9) {f\h)L2^ f {Png){x){Pnh)(x)dx + fio{9)t^oCh) yheV.^"l 

Jo 

Now, because g G H~^{T), by Lemma [2?2l we can consider P„g that belongs to L^(0, 1). Therefore by 
integration by parts and taking into account Lemma |2. 21 (1) we obtain that 

{P„g){x){Pnh){x)dx = / {P„{P,-,g)y{x){P„h){x)dx 



{Pn{Png)){x)h{x) dx + [P„iP„g)iP„h)]l V/l G l4"2 . 

Jo 

Now, observe that the scalar number 

fl0{g)Mh) + [Pn{Png){Pnh)]l ^ C 

is a linear combination of /io(/i) and fj,n{h), hence it can be written in the form 



coti.o{h) + CnfJ-nih) = / {cq + ci{l - x)"-)h{x)dx, 
Jo 

for some co,Cn G C. Letting p{x) := cq + ci(l — x)", we obtain that 

{f\h)L2 - (-P„(P„ff) + p\h)L2 V/i G V^'^l 
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Therefore, denoting by 11 as in the proof of Theorem 13.31 the orthogonal projection of i^(0,l) onto 
the vector space spanned by 1 and (1 — id)", we obtain (by restricting the previous identity to all 

iI-U)if + Pn{Pn9)-p)=0, 

or equivalently 

(3.10) / = (/ - m-Pn{Png) + p) + n/ = -PniPng) + n(P„(P„.g) + /)• 

This proves that / belongs to H^{0, 1) and (differentiating p.lOp twice) that 

(3.11) .g = -/" + 7(l-id)"-^ 

in the distributional sense (i.e. in P'(0, 1)) for some 7 G C. Hence, by [MNIH Lemma 2.4], there exists 
c(/) G C such that 

Ayf = g = Id,-/(-/" + 7(1 - id)"-^) - c5,, 

and in fact c(/) = —fj.o{g). 

It remains to check the condition (|3.8p . But we first notice that, for all / G D(Ay), p.lOp leads to 

/' = -Pn5-— ^(l-id)"-\ 

71—1 

for the same 7 as in p.lip . By p.9|) we obtain 

Jo ri-l 

f{x){Pnh){x)dx - -^^^^^_,{P^h) - cif)po(h) yh G V^^^l 

71—1 

As iin-i{Pnh) = by Remark l2.4l (2'). we deduce that 

(3.12) / f{x)h{x)dx^- f'{x){Pnh){x)dx~c{f)fio{h) yheV^""^. 
Jo Jo 

Integrating by parts the first term on the right-hand side we obtain 

f'{x){P„h)ix)dx = C f{x)h{x)dx + f{{)){Pjl){{))- f{l){Pjl){l) 



f{x)h{x) dx - /(0)M„(/i) - f{l){Mh) - Pn{h)), 
owing to Lemma [2111(1) and (j2.5|) . respectively. Plugging this identity in p.l2p we find that 

-(/(I) + c{mo(h) + (/(I) - fio))pn{h) = v/i G y^J. 

By the surjectivity result from Lemma 12.71 we have shown p.S^ : Let us notice that p.Sp determines in 
a unique way c. 

We now prove the converse inclusion. Let then / G /Ci . Then we can take 

5:=Id;.i(-/" + 7(l-id)"'')-c5i, 

with c G C fixed by the condition (j3.8p (and is equal to — /xo(s)) and 7 will be fixed later on. Hence by 
definition of the inner product in H-^{T) and the fact that PnSi = by Remark [231 (3), we will have 
for any h G Vy"'] 

ig\h)H-HT) = (P„(Id-l(-/" + 7(1 - idr-'))\Pnh)L'^ - cpoih) 

= -iPnild~'nPnh)L2+^iPnil - id)"-^) _ cpoih). 

But simple calculations and an integration by parts yield 

(3.13) (P„(l - id)"-')\Pnh)L2 = ^—^^^^—^^{p,{h) - p^ih)). 
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Hence by Theorem 12.61 for all h £ Vy"^ we get 

(3.14) ig\h)H-iiT) = if\h)L^ + -nfiO) + n{n - l)//„-2(./) + f^iih) 

V-/(0) + ./(I) - nin - l)Ai„-2(/) + n/(0) - J Vn{h), 

From this identity we sec that / will belong to D{Ay) if the second entry of the second term in the 
right-hand side of this identity is zero. This motivates us to choose 7 such that 

-n/(0) + n{n ~ 1)m„-2(/) + 7 tt = 0, 

[n — l)(2n — 1) 

which is equivalent to p.ip . With this choice we sec that p.l4p is equivalent to 

(5i/.).-MT) = if\hh^ + (-7(0) + /(I)) izU) = (^'"^^^'"'^ ^ 

the second identity following from (|3.8p . This shows that 

a(/,M = (.9|/i)H-(T), V/lGl4"2^ 
and proves that / belongs to D{Ay)- □ 

Corollary 3.11. Under the assumptions of Theorem \3.1(A let jy G C. Then the operator Ay given by 

DiAr> :^ {., C H-(Oa) : (^j':!) . r} . 

Ayu := ld-'(f") + in'(")U,7.'((i-i<l)""')> 

generates on Hy ~ H~^{T) an analytic, uniformly exponentially stable semigroup of angle ^ that is 
immediately of trace class. 

Proof. Again the assertion follows directly from the observation that 

u ^ 7(^)Id-' ((1 - id)"-') 

is a relatively compact perturbation of Ay. Hence a well known perturbation result, cf. |ABHN0T1 
Thm. 3.7.25], allows us to conclude. □ 

As a consequence we obtain the following existence result. 

Theorem 3.12. Let n G N and 77,?/ G C. Then the heat equation 
Fill Fi^ii 

^{t,x) = ^{t,x)+rjj{u{t,-)){l^xr-^ t>0, .TG(0,1), 

(where "f{u) is the same term defined in p.ip ] with moment conditions 

Hn{u{t,-)) ^ yfio{u{t,-)), t>0, 



-M„(«"(i, .)) + ^^P^ = y{-i^oiu"it, .)) + ), t > 0, 

2n — 1 n — 1 

and 

-lio{u"{t, ■)) + iMkA ^ (^u{t, 1) - u{t, 0))y - u{t, 1) t>0, 
n — 1 

and initial condition 
is well-posed. 

Proof. It suffices to apply the previous Corollary with Y spanned by (l,y)^ and Lemma 13.131 below. 
Note that the condition p.Sp is then equivalent to 



ciu) = -u{l)-{u{Q)-u{l))y. 
This concludes the proof. □ 
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Lemma 3.13. Under the assumptions of Theorem \3.10[ one has 
D{A^y) = |uei/^(0,l):/i„(M) = yAioH, 

^lniu" - 7(u)(i - id)"-2) = y^ioiu" - 7H(i - id)"-2), 

M^" - 7(«)(1 - id)"-') = (^(1) - uiOm - «(1)|, 

when Y is spanned by {l,y)^ and 

Ayu = -u" + 7(u)(l - id)"-^ Vm G D{Al). 

Proof. The inclusion "D" holds because for u in the right-hand side of ()3.15p . —u" + 7(u)(l — id)"~^ 
clearly belongs to D{Ay) and Ayu = —u" + 7(u)(l — id)"~^, which also belongs to D{Ay)- 
We now prove the converse inclusion "c". Let us fix m G D^Ay). Then u £ H^{0, 1) and 

Ayu = Id„i (-u" + 7(m)(1 - id)"-^) „ ^(^^^^ ^ ^i^g, 1). 
This identity implies that 

-u" = Ayu - 7(u)(l - id)"-2 in 2?'(0, 1), 

and the assumption Ayu e i?^(0, 1) implies that u E H^{Q, 1). With this regularity at hands, by [MNlll 
Rem. 2.6] we see that 

Ayu = -u" + -i{u){\ - id)"-2) ^ _ 7(^^)Mo((1 - id)"-') - c{u)) 5, e H\0, 1). 

Hence necessarily 

Mu") - 7(w)/io((l - id)"-') - c{u) = 0, 

and 

AyM = -u" + 7(u)(f - id)"-^ 

Because u G 15(^1-), —u" + -f{u){l — id)"^^ belongs to D{Ay) and the characterization of D{Ay) 
completes the proof. □ 

4. The porous medium equation 

Throughout this section, we consider real valued functions spaces and we let 

• p e (1, oo), 

• y be a subspace of R^, 

• 71 e N. 

We consider the functional £y : Hy ^ IR-i_ U {+00} defined by 

Sy.f^l 1/0 l/(^)N^> if/eT45, 

I +00, otherwise, 

where Hy and V-!^'^ are the spaces introduced in (|2.1ip and (|2.22p . It turns out that the subdifferential 
of Ey has particularly good properties. 

Theorem 4.1. Let Y he a subspace of K^. Then the functional Ey is proper and convex. Further- 
more, Ey is continuously Frechet differentiate as a functional on Vy^^ and lower semicontinuous as a 
functional on Hy . 

Proof. It is clear that Ey is proper and convex. Moreover, it is continuously differentiable - in fact, the 
Frechet derivative of Ey is given by 

r{n) 



(4.1) £'y{f)h^ \f{x)r'f{x)h{x)dx, f,heV^"J. 

Jo 

Thus, Ey is in particular lower semicontinuous as a functional on Vy^^, and lower semicontinuity as 
a functional on Hy follows from |Sho97[ Lemma IV. 5. 2]. □ 
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Remark 4.2. An additional term of the form $( i^^'^i'^fC) ), where $ : y — > R is a convex continuously 

differentiablc function, may be easily dealt with by means of simple perturbation results for nonlinear 
forms, see e.g. |MPllj . 

Theorem 4.3. Let ^{■) be defined by (|3.ip . Then the following assertions hold. 

(1) If either Y ~ {0}^ or Y = {0} X R, then the subdifferential dSy of Ey with respect to Hy agrees 
with the nonlinear operator Ay given by 

D{Ay) := {/eLf(0,l):|/r2/eiyi(o,l):^o(/) = Mn(./) = 0} or 

D{Ay) := {/£Lf(0,l):|/rVeifi(0,l):/io(/) = 0, /(O) = /(!)} 

respectively, whose action is given in both cases by 

Ayf ld-J{-{\fr^f)" + 7(/)(l - id)"-2). 

(2) If Y ^ {0}^ and Y ^ {0} x R, then the subdifferential d£y of £y with respect to Hy agrees with 
the nonlinear operator Ay given by 

D{Ay) := |/ G ^^'(0, 1) : \fr^ f G ^^(0, 1) and G rj , 

whose action is given by 

Ayf := lA-J{-{\fr^f)" + 7(l/r-V)(l - ^dT-^) c{f)S,. 
Here c{f) G R is uniquely determined by the condition 
.4 2^ ( c(/) + |/r2(i)/(i) \ , 

^ ' Vi/r'(o)/(o)-i/r'(i)/(i)y ' 

Here, by definition, for a given reflexive Banach space X the subdifferential of a functional £ with 
respect to a Hilbert space H such that X is continuously and densely embedded in H is the single- valued 
operator given by 

D{d£) := {/ G i/y : 3,9 G Hy s.t. £' {f)h = {g\h)H^ Vh G \4J}, 

d£{f) 5, 

cf. |NitlO| Lemma 2.8.9]. 

Proof. We do not deliver the proof, which can be performed closely following those of Theorems 13.31 
and 13.101 if n > 2, or rather the proofs of |MN111 Thm. 3.1, 3.3, 4.3] if n = 1, up to replacing / by 
throughout. The only noteworthy modifications are the following ones: On one hand, one has 
to replace the orthogonal projection Hip G of a vector ip G L^{0,1) onto the space of polynomials 
spanned by 1 and (1 — id)" by the vector Hip G (0, 1) of best approximation of ip G (0, 1) in the 
subspacc of IR[2;] spanned by 1 and (1 — id)": This makes sense even if 11 is not an orthogonal projection, 
and of course R[x] = IlR[x] + (/ — n)IR[2;] is dense in L^(0, 1). On the other hand, one must check 
directly that each / G D{d£) is of class L^(0, 1) - this can in turn be done observing that because by 
assumption \ f\P-^f G H'^{0,1) ^ i^(0,l), f^ £ i^(0, 1), i.e., / G ^^(0,1). □ 



By virtue of Theorem M.ll and 14.31 the following assertion is a direct consequence of the general 
theory of nonlinear semigroups associated with subdiffercntials, see e.g. jSho97| Prop. IV. 5. 2] and }Bre73| 
Theo. 3.2]. 

Proposition 4.4. Let p G (l,cx)). Let T > 0, uq G V^^^l and f G L'^{0,T;Hy). Then the abstract 
Cauchy problem 



(4.3) 



^(i) = -Ayuit) + f{t), t>0, 



dt 

u{0) = uo 



admits a unique solution u G H^{Q,T\Hy) n L°°(0, T; Vjl'^^^). 
If f = 0, then the the following additional assertions hold: 
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• the solution of (|4.3|) is given by a strongly continuous semigroup of nonlinear contractions, 

• •) e D{Ay) for all t > 0, 

• u G C{[0, oo); Hy) is everywhere right differentiable and satisfies (|4.3p ~ and in particular the 
initial condition - for all t > 0, and finally 

Ilp 



• t H- > ||it(t)||^p is convex and monotonically decreasing on each interval [S,oo) for all S > 0. 



Remark 4.5. Observe that Ay is not the operator associated with the (non-signed) PME. Hence, 
unhke in the setting discussed in Section [3J in the present nonhnear case we are not able to show that 
the Cauchy problem associated with ~-Ay takes the form of a common PME (possibly with potential), 
because the general theory of subdifferentials apparently does not ensure enough regularity of solutions 
to allow us to drop the term Id~^. However, taking into account Remark |2.4I (5) one observes that Ay 
does indeed act on twice weakly differentiable functions as a second order differential operator with a 
potential term. 

Observe that a possible, weaker but still sufficient approach would consist in restricting ourselves 
to consider initial values in Vy^'p, or some other subspace of L^(0, 1) that is left invariant under the 
semigroup; and then showing that the restriction of the semigroup is strongly continuous, and that its 
generator is a restriction of Ay to some subspace of H^{0,1). In view of Lemma [3.71 this would do 
the job. Unfortunately, it seems to be unclear to which extent this kind of procedure is allowed by the 
general theory of nonlinear semigroups. However, it is for instance known that the operators associated 
with the PME on bounded domains ft "generate semigroups of order-preserving contractions in (fl)" , 
cf. |Vaz07l § 20.1.2]. 

We have already seen that in the linear case the problem is governed by a uniformly exponentially 
stable semigroup on Hy. This means that the _ffy-norm of each solution tends to as t — s- cxd, uniformly 
for all initial data. What about the nonlinear case? We alreay know from Theorem 14.41 that if the 
inhomogeneous term / = 0, then the L^-norm of the solution is decreasing. Further information can 
be obtained. Inspired by the classical analysis of the PME, see e.g. |Vaz07| Thm. 11.9], we obtain the 
following, where for the sake of simplicity we restrict to the case oiY = {0}^. 

Proposition 4.6. Consider the abstract Cauchy problem (|4.3p with uq & Vy^'^ and / = 0. IfY = {0}^, 
then the solution u given by Theorem \4-4\ satisfies 

\Ht)\\l^ < Kt-^ tfp>2, 

for some K > only depending on p, whereas 

IkWIlk < h(0)||l,,e-^^* ^fp<2, 

p-2 

for some K > proportional to ||'u(0)||^^^ . 

Observe that for p = 2 we recover information already yield from the exponential stability of the 
linear semigroup (cf. CoroUarv 13. 5|) . whereas for p < 2 (the case of the FDE) we deduce exponential 
decay - with decay rate depending on the initial data. 

Proof. By the definition of the inner product in Hy and since by assumption fj.o{u(t)) = fj.n{u{t)) = 0, 
we find that 

(u(i)|(l-id)"-2)^^ ^ f' [\{t,y)dy{l^xr-'dx- ,, /ii(^(0) 



Jo {n~l){2n-iy 
1 n 
-M„(.(0)-(^^_^^(2^_^^mK0) 

Hi{u{t)), 



(n- l)(2n- 1) 
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where the second identity foUows integrating by parts. Henee for all i > 

ld\\u{t)\\j,^ f du 



dt V dt 



Hy 

{u{t)\AYu{t))^^ 

(^(t)|Id„i(-(|^(t)|''-2u(t))"+^(u(i))(l-id)"-2))^^ 

{um\<t)r^n{t))) j{u{t)) («(i)|(i - id)"-^)^. 



Y 

1 pX 



-hWli;^ +(«(i,0)-(n-lK_2(«W))(n-l)(2n-l) / / u{t,y)dy{l ~ x^'^-' 



'Y,p Jo Jo 

if n > 2, and a similar but simpler computations holds for n = 1. We finally arrive at 

^d\\umHY I, (,,up 



(n) 

Because Vyp ^ Hy, we get 



for some Cq > 0. Setting 



2 dt 
l d\\u{t)\\%^ 

2 dt ^-^olHtWHY^ 

vit)-=\Ht)fHY^ ^>0' 



we have shown that 

(4.4) v\t) < -Cv{t)", 
with 

P 

and C := 2Co. Now we distinguish the case a > 1 and a < 1. 

1) In the first case we consider the function w defined by 

w{t) ■.= C{a-l)t^v{ty''^, t>0. 

(Without loss of generality we can assume that v{t) > 0, for all t > 0, otherwise as v is decaying, v 
would be zero after a time to > 0). 
By direct calculations, we have 

w' ^ {a~l){C + v-"'v'), yt>Q, 

and by (|4.4p . we get that w is decaying. Hence 

w{t) < w(0), Vt > 0, 

or equivalently 

v{t)<Kt^^, Vt>0, 

_ 1 

with K {C{a — 1)) > 0, which shows the polynomial decay. 

2) If a < 1, then again by the decay of w, we have 

v(t) < v(0)i-"w(t)", Wt > 0, 
and therefore it follows from (|4.4p that 

(4.5) v'{t) < 'Kv{t)°', 

with K := ^f^Qy-a ■ As before this property implies that the mapping t i~> v{t)e^* is decaying and 
therefore we obtain 

v{t) < v{0)e-^\ Vt > 0, 
which shows the claimed exponential decay. □ 
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